UNIQUENESS AND STABILITY OF SADDLE-SHAPED 
SOLUTIONS TO THE ALLEN-CAHN EQUATION 



XAVIER CAERE 

Abstract. We establish the uniqueness of a saddle-shaped solu- 
tion to the diffusion equation —Au = f{u) in all of M^™, where / 
is of bistable type, in every even dimension 2m > 2. In addition, 
we prove its stability whenever 2m > 14. 

Saddle-shaped solutions are odd with respect to the Simons cone 
C = {(cc\x2) e M"* X R"* : |a;i| = \x'^\} and exist in all even 
dimensions. Their uniqueness was only known when 2m = 2. On 
the other hand, they are known to be unstable in dimensions 2, 
4, and 6. Their stability in dimensions 8, 10, and 12 remains an 
open question. In addition, since the Simons cone minimizes area 
when 2m > 8, saddle-shaped solutions are expected to be global 
minimizers when 2m > 8, or at least in higher dimensions. This is 
a property stronger than stability which is not yet established in 
any dimension. 



1. Introduction 

This paper concerns saddle-shaped solutions to bistable diffusion 
equations 

-Au = /(u) inM^™^ (1.1) 

where 2m is an even integer. Throughout the paper we assume that / 
is a C^'" function on [—1, 1], for some a G (0, 1), such that 

/ is odd, /(O) = /(I) = 0, and /" < in (0, 1). (1.2) 

As a consequence we have / > in (0, 1). Under these assumptions, 
we say that / is of bistable type. A typical example is the nonlinearity 
f{u) = u — la the Allen-Cahn equation. 

For X = {xi, . . . , X2m) G M^™", consider the two radial variables 

s = (xj + ... + xiy/^ 

f - („2 I I 2 \l/2 
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A saddle-shaped solution of f 1 1.11) is a solution u of fll.ip which depends 
only on s and t, satisfies |m| < 1, is positive in {s > t}, and is odd with 
respect to {s = t}, i.e., u(t, s) = —u{s, t). 
Consider also the variables 

{ y = {s + t)/^ 
\ z = {s-t)/V2, 

which satisfy y > and —y < z < y. An important set in what follows 
is the Simons cone (see Figure [T]), defined by 

C={s = t} = {z = 0} = dO, 

where 

O = {s>t} = {z>0}c R^"'. 

The cone C has zero mean curvature at every x G C\{0}, in every 
dimension 2m > 2. However, it is only in dimensions 2m > 8 that C 
is in addition a minimizer of the area functional. Furthermore, C is 
stable only in these same dimensions; see [10] and references therein. 
We will see that similar properties hold, or are expected to hold, for 
saddle-shaped solutions of f ll.ip . 



C = {s = t} = {z = 0} 
O = {s>t} = {z>0} 



s > 

Figure 1. The Simons cone C. The {s,t) and {y,z) variables 

Under our assumptions (11.20 on /, there exists a unique increasing 
solution of —Am = f{u) in all of M up to translations of the independent 
variable; see, e.g.. Lemma 4.3 of |9]. It has limits ±1 at ±oo. We 
normalize it to vanish at the origin and we call it uq. Thus, we have 

r uo-.R^ (-1, 1), -ilo = f{uo) in M, 
uq{0) = 0, Mo > in R, and Uo{t) — )• ±1 as r — t- ±oo. 

For the Allen-Cahn nonlinearity f{u) = u — u^, the solution uq can be 
computed explicitly and it is given by Mo(t) = tanh(r/-\/2). 



t > 
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It is simple to check that \z\ is the distance in M^™ from any point 
X G M^™ to the Simons cone C; see Lemma 4.2 of [H]. This is important 
when showing that the function 

U{x) := uo {^^^ = M^) for x G M^™ (1.3) 

describes the asymptotic behavior of saddle-shaped solutions at infinity. 
This was established by J. Terra and the author [10] and it is stated 
in Theorem 11.11 below. Note that f/ is a Lipschitz function in M^™, but 
it is not differentiable at {st = 0}. Using f ll.lSp . which is equation 
(11. ip expressed in the (s,t) variables, one sees that — Af/ > f{U) in 
{s > t > 0}, i.e., f/ is a strict supersolution in {s > t > 0} — a fact 
that we will not use in this paper. 

The energy functional associated to equation (11.11) is 

£{u,n) := j !^^\Vu\^ + Giu)'^dx, where G" = -/. (1.4) 

We say that a bounded solution u of (II. ip is stable if the second vari- 
ation of energy with respect to compactly supported smooth 
perturbations ^ is nonnegative. That is, if 

Qu{i):= I {\Vi\^-nu)e]dx>Q foralUeCr(M'™). (1-5) 

We say that u is unstable when u is not stable. The stability of u 
is equivalent to requiring the linearized operator —A — f'{u) to have 
positive first eigenvalue (or to satisfy the maximum principle) in every 
smooth bounded domain of R^™; see section 2 for these questions. 

A bounded function u G C^(R^'") is said to be a global minimizer oi 
(II. ip when £{u, Vi) < S{v, Q) for every bounded domain Q and function 
V G C^{Q) such that v = u on dQ. Clearly, every global minimizer is a 
stable solution. 

The following results were proven in [51 HU] by J. Terra and the 
author. 

Theorem 1.1 (Cabre- Terra jHITO]). Assume that f satisfies (II. 2p . 

(a) For every even dimension 2m > 2, there exists a saddle-shaped 
solution u G C'^iM?'^) of —Au = f{u) in M^'", that is, a solution u of 
this equation with |m| < 1 and such that 

• u depends only on the variables s and t. We write u = u{s,t); 

• u > in O = {s > t}; 

• u{t,s) = -u{s,t) m M^"^. 
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(b) For 2m > 2, every saddle- shaped solution u satisfies 

II |n - f/| + |V(m - f/)| ||^oo(K2™\B^(o)) asR^oo, (1.6) 

where U is defined by (11. 3p . 

(c) When 2 < 2m < 6, every saddle-shaped solution u is unstable. 
Furthermore, in dimensions 4 and 6 every saddle-shaped solution has 
infinite Morse index in the sense of Definition 1.8 of [TU] . 

Part (a) of the theorem concerns existence. It can be estabhshed in 
different ways, all of them rather simple — for instance, variationally 
as in section 3 of [9J, or through monotone iteration as in section 3 of 

Part (b) gives the asymptotic behavior of saddle-shaped solutions 
at infinity. In this paper we will also need the asymptotics of second 
derivatives. See Lemma 14.11 below, where we sketch also the proof of 

(HD. 

The uniqueness of a saddle-shaped solution was only known in di- 
mension 2, even for the Allen-Cahn nonlinearity. This was established 
by Dang, Fife, and Peletier [llj, who also proved — in dimension 2 — 
existence of a saddle-shaped solution and some results on its asymptotic 
behavior and its monotonicity properties. 

The instability of the saddle-shaped solution in M^, indicated in a 
partial result of [TT] , was studied in detail by Schatzman [12] by analyz- 
ing the linearized operator at the saddle-shaped solution and showing 
that, when f{u) = u — u^, this operator has exactly one negative eigen- 
value. That is, the saddle-shaped solution of the Allen-Cahn equation 
in has Morse index 1 — in contrast with our result Theorem 11.1( c) 
in dimensions 4 and 6. See [lO] for more comments on this. 

Our first main result is the following uniqueness theorem. 

Theorem 1.2. Assume that f satisfies (II. 2p . Then, for every even 
dimension 2m > 2, there exists a unique saddle-shaped solution u of 
-Au = f{u) m M^"^. 

The uniqueness result will follow (see section 3) from two main in- 
gredients: the asymptotics (II. 6p at infinity for saddle-shaped solutions 
and the following new result — a maximum principle m O = {s > t} 
for the linearized operator at every saddle-shaped solution. 

Proposition 1.3. Assume that f satisfies (II. 2p . Let u be a saddle- 
shaped solution of (II. ip . where 2m > 2. 

Then, the maximum principle holds for the operator 



L„ := A + f'iu{x)) znO = {s> t}, 
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in the sense that whenever v G C'^{0) fl C{0) satisfies 

LuV > in O, V < on dO, and limsup v{x) < 0, (1-7) 

xGO,\x\-^oo 

then necessarily f < in O. 

We establish this result in section 2 using as key ingredient a max- 
imum principle in the "narrow" domain {t < s < t + e}, where e is 
small; see Lemma [2.31 below. 

As we explain at the end of this introduction, due to a connection 
between minimal surfaces and solutions of the AUen-Cahn equation, 
saddle-shaped solutions are expected to be global minimizers of (11. ip 
(as defined in the beginning of this introduction) in dimensions 8 and 
higher — or at least in dimensions high enough. This is still an open 
question — already raised in 2002 by Jerison and Monneau; see conjec- 
ture C4 and section 1.3 in [13]. 

Towards the understanding of this minimality property, in this article 
we establish the stability of saddle-shaped solutions in dimensions 14 
and higher. This is our second main result. Of course, stability is a 
weaker property than minimality. Stability in dimensions 8, 10, and 
12 remains an open question. 

To state the result, we need to choose a number b such that 

b{b-m + 2) +m-l <0. (1.8) 
This is possible only when m > 7, in which case one can take any 



beib^M], where 6i = ± v2^H5!Zi(^. (1.9) 

It follows that 6 > 0. 

Theorem 1.4. Assume that f satisfies (11. 2p . If 2m > 14, the saddle- 
shaped solution u of (II. ip is stable in M^*", i.e., (II. 5p holds. Further- 
more, for every b > satisfying (II. 9p . the function 

^ ■= r^Us - s-\ (1.10) 

is of class and positive in M^™' \ {st = 0}, it is even with respect to 
the Simons cone, and it is a supersolution of the linearized equation 

Aif + f'{u)ip < zn M^™ \ {st = 0}. 

The statement on the stability of the saddle-shaped solution will 
follow immediately from the properties of (p stated in the theorem. The 
key ingredients to establish Theorem 11.41 are the following monotonicity 
and convexity properties of saddle-shaped solutions. They hold in every 
even dimension. 
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Proposition 1.5. Assume that f satisfies f ll.2p . Let u he the saddle- 
shaped solution of (II. ip . where 2m > 2. We then have 

Uy>0 inO = {s>t}, (1.11) 

-ut>0 inO\{t = 0} = {s>t>0}, (1.12) 

and 

Ust>0 inO\{t = 0} = {s>t>0}. (1.13) 

The cone of monotonicity generated by dy and —dt is the optimal 
one (i.e., the largest one) holding at all points of {s > t > 0}. In 
Figure [2] we draw this cone, and also the shape of the level sets of a 
saddle-shaped solution — where we take into account the asymptotic 
result fra . 



t > 




Figure 2. The cone of monotonicity and the level sets 
of the saddle-shaped solution 

The monotonicity properties ( II. lip and (I1.12P were first proven by 
J. Terra and the author in [IQ\ for the so-called maximal saddle-shaped 
solution — at that point uniqueness of saddle-shaped solution was not 
known. Here we establish these properties using a different method. 

The second derivative property (I1.13P is a new fact proved in this 
paper. It is a crucial ingredient to establish stability in dimensions 14 
and higher. 

The three inequalities in Proposition 11.51 will be proven using our 
maximum principle for the linearized operator in O, or rather a slightly 
more general version: Proposition 12.21 of next section. 

To establish such maximum principle, note that since /(O) = and 
/" < in (0, 1), we have f{p)/p > f'{p) for all < p < 1. Thus, if u 
is a saddle-shaped solution then 



- Am = f{u) > f{u)u in O. 



(1.14) 
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That is, M is a positive and strict supersolution of the hnearized oper- 
ator A + f'{u) at u in all O. This will be one of the ingredients (but 
not the only one since inf^ m = 0) to establish the maximum princi- 
ple in O for the linearized operator. The other ingredient will be a 
maximum principle for the linearized operator in the "narrow" domain 
{t < s < t + e}, Lemma 12. 3[ 

To prove Proposition II. 5[ we will apply the maximum principle of 
Proposition 12.21 to the equations satisfied by Ug, Ut, Uy, and Ugf For 
this, note that equation f 1 1.1 1) in the (s, t) variables reads 

Uss + uu + im~l)(^ + j^+f{u) = (1.15) 

for s > and t > 0, while in the {y, z) variables it becomes 

2(771 — 1) 

liyj^ + M^^H ^ _ ^ {yuy - zu^) + f{u) = (1.16) 

y ^ 

for \z\ < y. 

Finally, let us explain why 2m < 6 is relevant in Theorem II. 1( c) and 
why stability and minimality are expected in higher dimensions. Due 
to a relation between the AUen-Cahn equation and the theory of mini- 
mal surfaces (see [151 [131 [111 [1] ) , every level set of a global minimizer of 
(11.11) should converge at infinity in some weak sense to the boundary of 
a minimal set — minimal in the variational sense, that is, minimizing 
perimeter. Note now that the zero level set of a saddle-shaped solu- 
tion is the Simons cone C. It is easy to verify that C has zero mean 
curvature at every x G C\{0}, in every dimension 2m > 2. However, 
it is only in dimensions 2m > 8 when C is in addition a minimizer of 
the area functional, i.e., it is a minimal cone in the variational sense. 
Furthermore, C is stable only in these same dimensions. See [T03 and 
references therein for these questions. 

Furthermore, a deep theorem states that the boundary of a minimal 
set in all of R" must be a hyperplane if n < 7. Instead, in and 
higher dimensions, there exist minimal sets different than half-spaces 
— the simplest example being the Simons cone. 

The analogue for the AUen-Cahn equation of the first of these two 
results is well understood. Indeed, a deep theorem of Savin [15] states 
that in dimensions n < 7, ID solutions (i.e., solutions depending only 
on one Euclidean variable) are the only global minimizers of the Allen- 
Cahn equation. Note that this result makes no assumption on the 
monotonicity or limits at infinity of the solution. That is: 



8 



XAVIER CAERE 



Theorem 1.6 (Savin Assume that n < 7 and that u is a global 

minimizer of —An = u — m M". Then, the level sets of u are 
hyperplanes. 

However, the analogue for the AUen-Cahn equation of the second 
statement (i.e., the minimality of the Simons cone when 2m > 8) is 
not yet understood. That is, the possible minimality in (or at least 
in higher dimensions) of the saddle-shaped solution is still unknown. 
This question was already raised in 2002 by Jerison and Monneau [T3] . 

Open Question 1.7. Is the saddle-shaped solution a global minimizer 
of the AUen-Cahn equation in R^™ for 2m > 8, or at least in higher 
even dimensions? 

Related to this, in it is known the existence of a global minimizer 
to the AUen-Cahn equation which is not ID (i.e., with level sets differ- 
ent than hyperplanes). This is the solution in R^, monotone in the Xg 
variable, constructed by del Pino, Kowalczyk, and Wei [12]. Since this 
monotone solution is known to have limits ±1 as xg — )■ ±oo, a result 
of Alberti, Ambrosio, and the author [T] guarantees that the solution 
is indeed a global minimizer. 

In this direction, a positive answer to the Open Question 1.7 above 
would give an alternative way to that of [12] to prove the existence of a 
counter-example to the conjecture of De Giorgi in R^. Indeed, saddle- 
shaped solutions are even functions of each coordinate Xj. Thus, by 
a result of Jerison and Monneau [13], if the saddle-shaped solution 
were a global minimizer in R^™, then the conjecture of De Giorgi on 
monotone solutions would not hold in R^''"+^. Indeed, from the ID 
solution depending only on X2m+i and from a global minimizing saddle- 
shaped solution depending only on {xi, . . . ,X2m), [13] constructs in a 
natural way a solution in R^*""*"^ which is monotone in the last variable 
X2m+i and which is not ID. However, it is not proved that the solution 
of [13] has limits ±1 as X2m+i ±C)0 — a property known for the 
solution in R^ of 1121. 



The plan of the paper is the following. In section 2 we prove the 
maximum principle for the linearized operator in O. Section 3 es- 
tablishes the uniqueness of saddle-shaped solution. Theorem II. 2[ In 
section 4 we establish Proposition 11.51 on the sign of derivatives of u. 
Finally, section 5 concerns the supersolution of the linearized equation 
and completes the proof of our stabUity result. Theorem II. 4[ 
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2. The maximum principle for A + f'{u) in O 

Let us consider linear operators of the form 

Lv := Av + c{x)v, 

where c is a continuous function (perhaps unbounded) in an open set 
n of M", i.e., c e c{n). 

Definition 2.1. Let Q be an open set of R". We say that the maximum 
principle holds for the operator L in Q if, whenever v G C'^{Q) H C{Q) 
satisfies 

Lv > in Q, f < on dQ, and limsup v{x) < 0, (2.1) 

x£Q,\x\—^oo 

then necessarily v < in Q. 

The last condition in (12. ip only plays a role when Q is unbounded. 
The main result in this section is the following. 

Proposition 2.2. Assume that f satisfies (II. 2p . Let u be a saddle- 
shaped solution of (II. ip . where 2m > 2. Let Q G O = {s > t} be an 
open set and c G C{Q) with c < in Q. 

Then, the maximum principle holds for the operator L^ + c{x) = 
A + {/'(m(x)) + c(x)} m n. 

We will use this result to prove both Theorem 11.21 on uniqueness 
and Proposition 11.51 on the sign of Uy, Ut, and Ust- For this we will 
use the previous proposition both with Q = O = {s > t} and with 

= O \ {t = 0} = {s > t > 0}. We will need to use it with different 
choices of coefficient c = c(x), with c continuous and nonpositive in Q 
but unbounded below. 

The rest of this section is devoted to prove Proposition 12. 2[ For this, 
recall that the typical way towards establishing the maximum principle 
for an operator L in an open set fl is to first show that 

"there exists a positive supersolution of L0 = in (2.2) 

If this holds, then adding one of various additional assumptions on 
(the simplest one being > c > with c a positive constant), it does 
guarantee the maximum principle to hold; see [3]. Indeed, in bounded 
domains, (12. 2p is a necessary — and "almost" sufficient — condition for 
the maximum principle to hold; see Corollary 2.1 of f5]. However, in 
unbounded domains one has to be more careful to deal with infinity. 

Recall that when m is a saddle-shaped solution of (II. ip . -u is a positive 
supersolution of the linearized operator A + f'{u) at u in all O; see 
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fll.l4p . However, info u = since m = on dO. Nevertheless, we claim 
that for every given e > 0, we have that 

u>6>0 in Oe := {s >t + e} (2.3) 

for some positive constant 6 (which may depend on the particular so- 
lution u). Indeed, U{x) = uo{z) > uo{e/\/2) > in Oe- Hence, by 
the asymptotic behavior of saddle-shaped solutions at infinity. Theo- 
rem [LT]^b), there exists a radius R> such that 
(a positive constant) if |x| > R and x G O^- Now, since u is positive in 
the compact set H Bji{0), we conclude the claim. 

The lower bound (12. 3p in Og together with the following maximum 
principle in Af^ := O \ Og, a "narrow" domain in a sense explained 
later, will lead to the maximum principle for Lu in all of O. 

Lemma 2.3. Let 2m > 2, e > 0, and 

K ■■= {t < s <t + e} C M^"'. 

Let H C A/'e be an open set and c G C{H) satisfy c+ G L°°{H), where 
c+ denotes the positive part of c. 

Then, the maximum principle holds for the operator A -|- c(x) in H 
whenever 

\\d+\\L^(^H) < 1, (2.4) 
where Cm is a positive constant depending only on m. 

The constant Cm can be taken to be equal to 3 for all m — this will 
be seen below, in our second proof of the lemma. Note that in this 
result c is allowed to change sign — in contrast with Proposition 12. 2[ 

Using Lemma 12.31 we can now prove Proposition 12.21 

Proof of Proposition \2.S\ Let u be a saddle-shaped solution of (11.11) 
and let 

Lv := LuV + c{x)v = Av + {f'{u{x)) + c{x)}v. 
Since c < in ^] C C, then f{u) + c < f{u) < max[o,i] /' = /'(O) in VL. 
Choosing e = (2C„/'(0))-i/^ Lemma O states that the maximum 
principle holds for the operator L in any open subset of A^. 
Let 

Qe := Q n Oe = Q n {s > t + e} 

and 

He := nnMe = Qn{t < S <t + e} C J\fe- 

Note that 

c dnu{nn{s = t + e}), (2.5) 
dHe c dnu{nn{s = t + e}) conuUe (2.6) 
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since fin {s = t} = 0, and 

Vl = neUHe. (2.7) 

Recall that u > in Q G O and that by (12. 3p we know that 

u>6>0 in Vie (2.8) 

for some constant 6 > 0. In addition, by (I1.14p . 

Lu = Au + {/'(m) + c}u <Au + f{u)u < in fi. (2.9) 

Let V G C^(^7) nC(fi), as in the definition of the maximum principle, 
satisfy 

> in ri, f < on dVl^ and limsup v{x) < 0. (2.10) 

x(^Q,,\x\~^oo 

Consider 

w := — m \l. 

u 

By (12. 8 p and the hypotheses (I2.10p on v G C(i7), w is bounded above 
in fig. 

Assume that 

5:=supw>0. (2.11) 

He 

Then, by the two last conditions in fl2.10p and by (12. Sp . this supremum 
must be achieved at a point xq G fi^ U (fi fl {s = t + e}) C fi. 

We have that v — Su < Q in Vl^. Therefore, v — Su is a. subsolution 
for L in and nonpositive on dH^, by (12.60 . and at infinity. Thus, 
the maximum principle in if^. Lemma [2.31 leads to f — Su < in if^ 
and hence, by (12. 7p . also 

V — Su < inVl. 

We deduce that S = w{xo) = sup^^^ w = sup-^w, and thus the point 
Xo G Q obtained before is an interior maximum of w. Now, note that 

div(M^ Vw) = div( Vt" u — v Vm) = Av u — v Au = Lv u — v Lu 
> —V Lu in fl. 

Hence 

Aw + 2u~^VuVw + u~^Luw >0 in Q. (2.12) 
But at the interior point G fi of maximum of w, we have 
{Aw + 2u^^'Vu'Vw + u~^Lu w){xq) < 

< {u^^Lu w){xq) = Su^^{xo)Lu{xo) < 

by (O, a contradiction with (|2:T2|1 . Thus, (l2TT|) does not hold. We 
conclude sup^^^ w < and hence v < in fl^- 
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Finally, arguing for v exactly as done before for v — Su, we deduce 
that f < on dH^. Then, the maximum principle in if^ leads to f < 
in H^, and thus also in all Q by i \2.7\i . □ 

The domain A/'e = {t < s < t+e} is a "narrow" domain in the sense of 
[5], and thus Lemma [273] follows from a very general maximum principle 
in "narrow" domains due to Berestycki, Nirenberg, and Varadhan [5]. 
However, for completeness, below we give two different simple proofs 
of the lemma. First, let us explain what "narrow" means and why the 
lemma follows from results of O [8] . 

Let H (Z Me C {t < s < t+e} be an open set, as in Lemma [2751 Let x 
be any point in H. It is simple to check that the distance from x to the 
Simons cone C is given by the z coordinate of x, i.e., by {s^ — t^j^2\ 
see Lemma 4.2 in [9]. Hence, there exists a point x G C such that 

< e/V2 < (3/4)£. Thus 

Be/,{x) \ O C Be/^{x) \HcBe{x)\ H, 
and hence, since x E C, 

2-i-4™|5,(x)| = (l/2)|i?,/4(x)| = \Be/,ix)\0\ 

< \Be{x)\H\. 



(2.13) 



Lemma [2731 now follows from Definitions 2.2 and 5.1 and Theorem 5.2(i) 
of [H] — a slightly more general version than the result of [S] to include 
unbounded domains. The specific dependence (12.41) is the same as the 
one obtained in the proof of Theorem 5.2(i) of 

Nevertheless, for completeness we present next two proofs of Lemma 
12. 3[ The first one follows the proof in ^ and it was found by the 
author in [6]. Replacing its technical tools (the mean value inequality 
for superharmonic functions used below by the Krylov-Safonov weak 
Harnack inequality), it applies to general "narrow" domains and to 
operators in non- divergence form with bounded measurable coefficients. 
Instead, our second proof will use strongly the specific "shape" of the 
domain Af^. 

First proof of Lemma lE^ Let H C Me C {t < s < t + e} he an open 
set and v e C^^H) n C(H) satisfy 

Lv := Av + c{x)v > in if, v < on dH, and limsup v{x) < 0. 

Arguing by contradiction, assume that supj^^w > 0. It follows that the 
supremum of v is achieved at some point xq G H: 

sup V = v{xq) > 0. 

H 
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Let 

^ •= ||c+||L°°(/f) 

and 

(p{x) := {4:m)-^Kv{xo){e^ - \x - for x E R^"". 

Consider now the open set H (1 {v > 0}. We have 

—Av < cv < \\c+\\l°°{h)V = Kv < Kv{xq) = — A0 in H n {v > 0}. 

Thus, V — (p is subharmonic in -Be(xo) n{H n {v > 0}). In addition, on 
B^{xo) n d {H n {f > 0}) we have v — (p < v < 0. Thus, its positive 
part {v — 0) + , extended to be zero in -^^(xo) \ {H n {v > 0}), is a 
continuous function which is subharmonic in the viscosity sense (or in 
the distributional sense) in B^{xo). 

We apply to w := v{xo) — (f — 0)+ the mean value inequality in 
the ball B^Ixq) for superharmonic functions in the viscosity (or dis- 
tributional) sense. Note also that w > in B^[xq) and recall the 
"narrowness" condition f l2.13p with x = xq E H. We have 

l-DeyXo) I 



\Be{Xo)\ 



w 

B,{xo)\{Hn{v>0}) 



— T777 — V7 / ^ — ^(^o) 



\Bs{xo) 



Beixo) 



= v{xo) ~ {v{xo) - (f){xo)) + 
< 0(xo) = {Amy^e^Kv{xo). 

Thus, since we assumed supji^f = v{xo) > 0, we get a contradiction 
whenever {Am)-^e'^K < 2"^-^™. □ 

The rest of this section is devoted to give another simple proof of 
Lemma 12.31 In contrast with the previous one, the following proof is 
based on the specific form of the domain A/'g. 

To give the proof, we first need to establish the following easy result. 

Lemma 2.4. Let H be an open set o/M", c G C{H), and L = A + c{x). 
Assume that there exists a function (p G C{H) (not necessarily hounded 
above) such that 

> (5 > mH 

for some constant 5. Assume also that there exists an open set A G H 
such that G C^iA), 

L0 < m A, (2.14) 
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and 

(j^jxp + + 0(a;o - - 20(a;o) 

(2.15) 

Then, the maximum principle holds for L in H . 



limmi — ^ = — oo for all Xq & H \ A. 



Even if it could be relaxed, note the strict inequality in f l2.14p . 

Condition fl2.15p prevents the function to be "touched by below" at 
the point xq by a function (see the proof of the lemma for details). 
As an example, the function 0(x) = — |x| satisfies (I2.15P at = 0. 
Another example appearing in applications is the distance function to 
a given point p in a Riemannian manifold; it satisfies f l2.15p at points 
Xq in the cut locus of p (see [7]). It also occurs with the distance to the 
boundary dH in an open set H of M" at a cut point Xq in H (see 



Proof of Lemma 2.J^. Let H C be an open set and v G C^{H) fl 
C(H) satisfy 

Lv = Av + c{x)v > in if, f < on dH, and limsup v{x) < 0. 

x£H,\x\—^oo 

Consider the function 

V 

with as in Lemma 12.41 We have that w is a continuous function in 
H satisfying w < on dH and \imsup^^fj^\^\__^^w{x) < 0. Thus, w is 
bounded above. 

Arguing by contradiction, assume that S := supj;^ w > 0. This supre- 
mum will be achieved at some point xq G H, by the nonpositiveness of 
the limsup of w at infinity. 

We claim that xq G A. Indeed, we have that 

V < S(f> in A and f (xq) = S(t>{xo). 

It follows that the liminf for in fl2.15p is greater than or equal to the 
same liminf for S^^v, which is finite since v G C^{H). By f l2.15p . we 
conclude that Xq G A. 

Now, V, 0, and w are in A and we have 

div(0^Vu7) = div(Vf — f V0) = Aw — f A0 = Lv cj) — v Lcj) 
> -V L(j). 

Hence 

Aw + 20" V0 Vw + 0"^L0 w > in A. (2.16) 



UNIQUENESS AND STABILITY OF SADDLE-SHAPED SOLUTIONS 15 
But at the point Xq € A of maximum of w, we have 

< {<p-^L<p w){xq) = S(p-\xo)L(l){xo) < 

by (EUD, a contradiction with 

Thus, supjj w < and hence v < in H. □ 

We can now give the second proof of the maximum principle in A/'e. 

Second proof of Lemma \2.3[ Assume that 

3^^||c+||l°°(//) < 1- 
We apply Lemma 12.41 with the choice 

= (j){z) := {z + e){3e - z) = + 2ez - z^ 

= 35^ + -^{s -t) . (2.17) 

Note that < z < e/V^ < £ in A^, and thus 

2e^ <(j)< 6e^ in Af,- 
For the set A in Lemma 12.41 we choose 

A = Hn{0<t<s<t + e}, 

and thus 

H \ A C {t = and < s < e}. 

Given a point xq & H \ A, since xq is a point with the t coordinate 
to = and with the s coordinate < sq < e, fl2.17p shows that in a 
neighborhood of Xq the function (p is equal to a smooth function plus 

{-V26 + s)t. 

Since —\/2e + SQ < —\/26+6 < 0, considering second order incremental 
quotients in the t variable, we see that the liminf in f l2.15p for this 
function at the point xq is equal to — oo. Thus, the same holds for (p. 

Next, we have that (p G C^(A) and, in A, (pz = 26 — 2z > and 
(pzz = —2. Using expression fll.l6p to compute the Laplacian, we have 

2(772 — 1) 
A0 = (pzz 5 5-^:02 in A. 

yZ _ 

Hence, 

A0 + c(p< (pzz + c(p < —2 + 6e'^\\c-i-\\L°^(H) < in A. 
This finishes the proof. □ 
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3. Uniqueness of saddle-shaped solution 

In this section we prove our uniqueness result, Theorem II .21 We use 
the maximum principle of the previous section and also the following 
simple result. 

Lemma 3.1. Assume that f satisfies ( \1.2\\ and that ui andu2 are two 
saddle-shaped solutions of fll.ip . where 2m > 2. Then, there exists a 
saddle-shaped solution u of fll.ip such that 

u <ui and u <U2 in O = {s > t}. (3.1) 

This result follows from a more general one: Proposition 3.8 of [10] on 
the existence of a minimal saddle-shaped solution, i.e., smaller than or 
equal to any other saddle-shaped solution in O. However, the statement 
of Lemma 13.11 suffices for our purposes here and, for completeness, we 
give next a simple proof of it. 

Proof of Lemma \3.1[ Let 

w := min{Mi, ^2} in C, 

an function locally in O and positive in O. 
For i? > 0, consider the problem 

/ -Amr = f{uR) in O n 5^(0) , . 

\ ur = w ond{OnBR{0)). ^ ^ ^ 

By its definition, w is a. weak supersolution of (13.21) . while is clearly a 
subsolution. As a consequence, there exists a weak solution ur_ of (13.21) 
with < Ur < w. It can be taken to be a minimizer of the energy 
functional S{-, O fl 5^(0)), defined by (II. 4p . in the convex set 

■= jt; G i/^(C n 5i?(0)) : V = v{s, t) a.e., 

0<v <w inOn Br{0), andv = w on d{0 n Br{0))^ 

of functions of s and t only. Note that Kyj is weakly closed in H^{0 fl 
5^(0)). For more details, see the proofs of Theorem 1.3 in ^ and of 
Theorem 2.4 in P7]. The set O fl Br{Qi) not being Lipschitz at the 
origin (when 2m > 4) may be avoided removing from it a small ball 
i?e(0), minimizing here, and then letting e — )■ 0. 

Since is not a weak solution of (13. 2p . the strong maximum principle 
leads to 

{] < ur = UR{s,t) <w = w{s,t) inOn5ij(0). 

Next, by elliptic estimates and the Arzela-Ascoli theorem (see [9| [TO] 
for more details), the limit as i? — )■ 00 of m/{ exists (up to subsequences) 
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in every compact set of O. We obtain a solution u of —Am = f{u) in 
O = {s > t} such that m = on C and < u < w in O. Reflecting 
u = u{s,t) to be odd with respect to the Simons cone, we obtain a 
solution u = u{s,t) of (HH]) in all of M^"* satisfying (KT\) . 

To finish the proof it remains to show that u > in O. This will 
ensure that m is a saddle-shaped solution. We use the argument in 
f ll.l4p : it gives that ur > is a positive supersolution of the linearized 
operator A + /'(m_r) in O fl Br{0). As a consequence (see section 2) 
the maximum principle holds for this operator in compact subdomains 
of O n Bii{0), and hence its first Dirichlet eigenvalue in these domains 
is positive. We deduce, by Rayleigh criterion, that Qur{0 — 
every smooth function ^ with compact support in O (1 -B_r(0) — recall 
that is defined in fll.51) . The conclusion QuniO — could also 
been verified in a different, very simple way. Simply use that is a 
positive supersolution of the linearized operator and the integration by 
parts argument preceding (15. 3p in section 5. 

Now, letting i? — )■ oo, we are led to Qu{C,) — ^ smooth func- 

tions ^ with compact support in O. This would be a contradiction 
with u = in O, since in such case f'{u) = /'(O) is a positive constant 
and hence —A — /'(O) is not a nonnegative operator in balls of O with 
sufficiently large radius. 

Therefore, u > and u ^ in O. It follows that u > in O, hj the 
strong maximum principle. □ 

The existence of the solution ur in the above proof could also be 
shown by the monotone iteration procedure; see [10]. On the other 
hand, the fact that u > in O could also be proved placing an explicit 
subsolution below all ur; see Remark 3.6 in [TO] . 

We finish this section proving our uniqueness result. 

Proof of Theorem \l.S[ Let Ui and U2 be two saddle-shaped solutions of 
(11.11) . Let u be the saddle-shaped solution of Lemma IXTl Consider the 
difference v := Ui — u for i = 1 and i = 2. We have that 

-A(ui -u) = f{ui) - f{u) < f'{u){ui -u) inO = {s > t}, 
since in this set u <Ui and / is concave in (0, 1). Thus, 

L„(m, - u) := {A + f'{u{x))}{ui -u)>0 in C = {s > t}. 
In addition, we have that Uj — m = on C = dO and 

limsup {ui — u){x) = 

a;eO,|3;|— >-oo 



by the asymptotic result (I1.6P apphed to both Ui and u. 
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To the saddle- shaped solution u, we apply the maximum principle 
of Proposition 11.31 — a particular case of Proposition 12.21 proven in the 
previous section. We obtain that the maximum principle holds for 
Lu = A + f'{u{x)) in O. Since v = Ui — u satisfies hypotheses (11. 7p by 
the above facts, we deduce — m < in C. Thus, by (13. ip . -Uj — -u = 
in O. Since this holds for both i = 1 and i = 2, we deduce ui = U2, 
that is, uniqueness. □ 

4. MONOTONICITY AND CONVEXITY PROPERTIES 

We start this section with some regularity issues needed in the sub- 
sequent. Recall that we assume that / G C^'" for some a G (0,1). 
Let u = u{x) he a. bounded solution of (II. ip . Since f{u) G L°°, it is 
also an function for all 1 < p < oo in every ball of radius 2, with a 
uniform bound on its L^-norm in such balls. Thus, u G W'^''^ C C^'°' 
(if p is taken large enough) with uniform bounds in every ball of ra- 
dius 1 (i.e., with half the radius of the previous ones). Now, we have 
—Auxi = f'{u)uxi G for all indexes i, and hence u^. G C^'". But 
now we know —Au^^ = f'{u)uxi G C^'", and thus Ux^ G C^'". That is, 
we have 

u G C^'"(M2™) and D'^u G L°°(M2'^) if < \k\ < 4. (4.1) 

Assume now that u = u{x) = u{s,t) is a bounded solution that 
depends only on s and t — as in the case of saddle-shaped solutions. 
For s G M and ieR, let 

u{s,i) := u{s,X2 = 0,...,X„, = 0,i,Xm+2 = 0,...,X2m = 0). 

Since u G C'^(]R^'"), we deduce that u G C"^(M^) and hence u = u{s,t) 
is also a C'^ function of the variables s > and t > 0. Furthermore, 
u = u{s,t) is the restriction to (s,t) G [0, oo) x [0, oo) of a C"'(M^) 
function u which is even in s and in t. In particular we have 

Us = m{s = 0} and Ut = in {t = 0}. (4.2) 

As a consequence, 

Ust G C2(M2"^) and u^t = in {st = 0}. (4.3) 

To establish the statement Ugt > in {s > t > 0} of Proposition II. 5[ 
we need the following asymptotic result. 

Lemma 4.1. Assume that f satisfies (II. 2p . Letu be the saddle-shaped 
solution of —An = f{u) in M^™, where 2m > 2. 
Then, 

\\Df^.-s(u-U)\\^ /r . n 9 .9^o9l^ — ^0 asR^oo, (4.4) 
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where U is defined in l \1.3L 

Recall that f/ is a Lipschitz function in all of M^™, but it is not at 
{st = 0}. It is therefore important to take the sup-norm of D"^^ ^^{u — U) 
as a function of the two variables s and t, in {st > 0, + > R^} 
— which does not contain {st = 0}. 



Proof of Lemma 4^.1. We follow the proof of Theorem 1.6 of [lOj. It 
argues by contradicting (I1.6P — here by contradicting (]4.4p — and in 
this way obtaining a sequence of points {x^}, with \xk\ — )■ oo, for 
which one of these asymptotics does not hold. By odd symmetry, and 
taking a subsequence, one may assume that {xk} C O. 

Next, one translates the solution u to be centered now at x^, and 
uses a translation and compactness argument; compactness comes from 
a priori estimates and the Arzela-Ascoli theorem. The translated solu- 
tions converge to a solution v in all of R^™ in the uniform conver- 
gence in compact sets, since any uniformly bounded sequence of solu- 
tions is uniformly bounded in on every compact set, as shown above. 
The points in the proof satisfy \xk\ — )■ oo and now, in addition, 
Sktk > — since we are contradicting the L°°({st > 0,s^ > R^}) 
convergence. 

Now, in case 1 of the proof we have that the distances to the Simons 
cone \zk\ = Zk = {sk — tk)/V^ — ?■ oo and thus the limiting solution v is 
defined in all M^"^ and satisfies < f < 1. By stability of u in O we 
deduce the stability of v in M^™. Thus, v ^ and therefore a Liouville- 
type theorem of Aronson and Weinberger [3] (see also |1] for a more 
general version, and [10] for the statements) guarantees that v = 1. 
Thus \\Df^^^-^u{sk,tk)\\ -)■ 0, and since \\D'^^^^^U{sk,tk)\\ = \uQ{zk)\ 
because Zk — >■ +oo, the proof arrives at a contradiction. 

Finally, in case 2 of the proof, the points Xk remain at a finite distance 
of the Simons cone. Since the curvatures of a cone tend to zero at 
infinity, in this case the limiting solution v is nonnegative in a certain 
limiting half-space M^*^ and v vanishes at its boundary. By stability 
again, v ^ and hence f > in the half-space. Then, a Liouville 
theorem of Angenent [2] (see also [10] for the statement) gives that v is 
the ID solution uq depending only on the Euclidean variable orthogonal 
to the boundary of the half-space. Since {zk} are the distances to 
the cone and remain bounded, in the limit this solution agrees with 
Uo{z) = U{x). Hence, the full Hessian Dl{u — U){xk) tends to zero. □ 



We can now give the 
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Proof of Proposition \1.5\ Let u be the saddle-shaped solution of (II .ip . 
Differentiating fll.lSp with respect to s and t we get 

77? — 1 

Aus + f\u)us = in M^" \ [s = 0} (4.5) 

and 

77? — 1 

Aui + - ^^ut = in M^™ \ {t = 0}. (4.6) 

Taking into account (14. 5p . we apply the maximum principle of Propo- 
sition O to the function in := {s > t} = O C M^™ with 
c(a;) := — (m — l)s~^, a negative continuous function in {s > t}. Recall 
that Us is in all M^"^ and note that it satisfies > on dO = {s = t] 
since -u = on {s = t} and m > in {s > t}. Furthermore, we have 
limsup^jg^ |^l_^oo'"s(a^) > 0, by the asymptotic result (II. 6p and since 
f/^(x) = u'q{{s - t)/V2)/v^ > 0. We deduce that 

> in C = {s > t}. (4.7) 

Next, we apply Proposition 12.21 in a different subdomain of O. We 
apply it to the equation (14. 6 p and the function Ut m. VL := {s > t > 
0} C M^*", with c(x) := — (m — l)t~^, a negative continuous function 
in {s > t > 0}. Note that < on > t > 0} = {s = t} U {t = 0}; 
here we use (14. 2p . We also have \\msy^)^^s^s>t>o},\x\^oo'^t{,x) < 0, by the 
asymptotic result (11.60 and since Ut{x) = — Uq((s — t)/^/2)/^/2 < 0. 
We deduce that 

ut<0 in {s > t > 0}. (4.8) 

Since u{s,t) = -u{t,s) in all M^™, (gZ!) and (SS]) lead to > 
in all M?^. This, the strong maximum principle, and equation (14. 5 p 
finally give 

Us>0 in M^"^ \ {s = 0}. (4.9) 
Symmetrically, we have 

-ut>0 mR^'^\{t = 0}. (4.10) 

In particular, statement (I1.12p of the proposition is now proved. 
To establish (II. lip , using dy = {dg + dt)/V2, we obtain 

m — 1 fUs Uf 



AUy + fiu)Uy = + - 



V2 

= ^Uy+ ^'^-'}.^''-''K , inM-\{.t = 0}. 
Thus, by (I4.10p . we deduce 

TTl — 1 

Auy + f{u)uy -^^y ^0 in C» = {s > t}. (4.11) 
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We apply Proposition 12.21 to the function Uy in Q := O = {s > t} C 
^2"^ with c{x) := -{m - l)s-'^. Note that Uy = on dO = {s = 
t} = {z = 0}. Furthermore, we have \imsup^izo,\x\^oo'^y{^) = 0) by 
the asymptotic result (11. 6p and since Uy = in all M^™. We deduce 
that Uy > in O = {s > t} . This, the strong maximum principle, and 
(14. lip give Uy > in O = {s > t}, i.e., (11. lip of the proposition. 

It remains to establish (ll.lSp . Differentiating (14. 5 p with respect to t 
and recalling the expression of the Laplacian in (s,t) variables, we 
obtain 

Awst + f'{u)ust - (m - 1) ( ^ + ) Ust 



^^2 

= -f"{u)UsUt 

< in {s > t > 0}. (4.12) 

We apply Proposition 12. 21 to this inequality and to the C'^{E?^) func- 
tion Ust — recall fll^ — in the domain := {s > t > 0} C M^™, 
with c{x) := — (m — l)(s~2 + a negative continuous function 

in {s > t > 0}. Note that 9{s > t > 0} = {s = t} U {t = 0} 
and that = on {t = 0} by (14. 3p . In addition, since m = on 
{s = t} = {z = 0} we have Uyy = Q on {s = t} = {z = 0}. Since u 
is odd with respect to z, we also have Uzz = Q on {s = t] = {z = 0}. 
Thus, since 

we deduce that Ust = on {s = t}. Finally, note that 



limsup Ust{x) > 0, 

xG{s>t>0},\x\^oo 

by the asymptotic result (14. 4p and since Ust{x) = {l/2){Uyy — Uzz){z) = 
-Uzz{z)/2 = -ul{z)/2 = f{uo{z))/2 > Q in {s > t} = {z > 0}. 
Proposition 12.21 leads to > in {s > t > 0}. From this, (I4.12p . and 
the strong maximum principle, we conclude the strict sign for Ugt in 
{s>t> 0}, as stated in ffLT3|) . □ 

5. The supersolution of the linearized equation 
We end up estabhshing our stability result. 
Proof of Theorem \1.4\ Let u be the saddle-shaped solution of (II. ip in 



M^"*. Recall that since 2m > 14, we can take 6 > satisfying (11.80 . or 
equivalently (II. 9p . Let 
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a C2 function in {st > 0}. By fOD and fHTTU]) . we have that 

(f>0 in {st > 0}. (5.1) 

Now, since u{t,s) = —u{s,t), one easily verifies that (p{t,s) = (p{s,t), 
i.e., (p is even with respect to z. Thus {A + f'{u)}ip is also even with 
respect to z, and hence we only need to show that {A + f'{u)}{p < 
in{s>t>0}. From this we will deduce the same inequality in all 
{st > 0} — as stated in the theorem. Then, at the end of the proof, we 
will show that this easily leads to the stability of u in all of M^™. 
In {s > t > 0}, we have 

Ar^ = h{h-m + 2)r^-^ and As"'' = b{b - m + 2)3-^'^ . 

Thus, using also (14. 5 p and (14. 6p . in {s > t > 0} 

Alp = b{b-m + 2)t"''"\, 

-f{u)usr^ + (m - - 2br^'^Ust 

-b{b -m + 2)s'^'\t 

- {-f'iu)uts-'' + (m - l)t~\ts-' - 2bs-''-'ust} , 

and hence 

{A + f'{u)}p = t-\s{{m-l)s-^ + b{b-m + 2)r'^} 
-s~\{{m - l)t-^ + b{b-m + 2)s-^} 
+2bu,t{s-''-'-t-''-'}. 

Now, using that, in {s > t > 0}, Ust > 0, Uy > 0, and —Ut > (by 
Proposition II. 5p . and also the inequality (II. 8p for 6 > 0, we arrive at 

{A + f'{u)}p < t-\us + ut){{m-l)s-^ + b{b~m + 2)t-^} 

-s-^iim - + b{b-m + 2)s'^} 

-t-\t{im - + b{b-m + 2)t-^} 

= UyV2t-^{{m-l)s-^ + b{b-m + 2)t-^} 

+ i-ut) (m-i){s-H-' + r's'') 

+ i-Ut) b{b-m + 2)(s^2-fe ^ ^-2-6) 

< Uy V2t-\m - l){s-^ - r'^} 

+ (-Mt) (m - l){s-h-^ + t-\s-^ - s-^-^ - t~^-^) 

< {-Ut) (m - l){s-h-^ + t-\s-^ - s-^-^ - 

in {s > t > 0}. Finally, since in {s > t > 0} we have —ut > and 

s-h-^ + t-'s-'-s-^-'-t-^-' = s-\t-''-s~^) + r\s-^-r^) 

= {s-'-t-'){t-^-s-^)<0, 
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we conclude {A + f'{u)}ip < in {s > t > 0}. Hence, by even 
symmetry in also 

{A + /'(m)}^<0 in M^™ \ = 0} = {st > 0}. (5.2) 

Next, using (15.11) and (15.21) . we can verify the stability condition for 
any test function ^ = ^(x) with compact support in {st > 0}. 
Indeed, multiply ( 15. 2p by ^^/v? and integrate by parts to get 

/ fiu)edx = [ f'iu)ip^dx 

J{st>0} J{st>0} ^ 

f 

< / —A(p — dx 

J{st>0} 

'{st>0} J{st>0} V 

Now, using the Cauchy-Schwarz inequality, we are led to 

/ f'{u)^^dx< I iV^rc^x. (5.3) 

J{st>0} J{st>0} 

Finally, we need to prove this same inequality for every function 
^ with compact support in a ball B^{0) C M^™'. For this, let rj^ be a 
smooth function in [0, oo) with < rj < 1, being identically in [0,e/2) 
and identically 1 in [e, oo). Since ^(x)r7e(s)?7e(t) is a function of x 
with compact support in {s > e/2,t > e/2}, the stability property just 
proven gives 



nu{x))e{x)VeisWeit)dx < / | V. {e(x)r/,(s)r7,(t)} \'dx. 

We now compute all the terms in the right hand side of this inequality 
and, using Cauchy-Schwarz, we see that to conclude 

[ f\u)edx< [ ivei'rfx 

by letting £ — )■ 0, it is enough to use that 

/ \V,r]e{s)\Ux < I \V,r]e{s)\^dx 

JBflQ(O) J{s<e,t<Ro} 

< [ Ce-^s"'-H"'-^ dsdt 

J{s<e,t<Ro} 

< Ce'^-^R';^ ^0 as e -> 

since m > 3 — and the same for the integral of |Va;?7e(t)p. This con- 
cludes the proof. □ 
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